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Abstract In this paper, earlier dissolutive wetting models describing the dynamics of an axisymmetric alloy 1
drop spreading on pure metal substrate are extended to describe reactive wetting and subsequent joint formation 2
in brazing processes. A two-dimensional time-dependent problem is formulated, and the model equations are 3
nondimensionalized, revealing the possibilities for asymptotic model reduction. Whilst the numerical solution of 4
the time-dependent problem, which contains two moving contact lines and would not in general be amenable to 5
lubrication theory, is relegated to future work, the steady-state problem is analyzed in detail. The analysis offers 6
an arguably more transparent alternative to an earlier energy minimization approach for ﬁnding the location of the 7
meniscus, which ultimately constitutes the joint. The results of the present model are found to compare favourably 8
to those of earlier experimental and theoretical work. 9
Keywords Asymptotic analysis · Dissolution ·Wetting 10
1 Introduction 11
In the controlled atmosphere brazing (CAB) process, separate parts are assembled by being submitted to a thermal 12
cycle during which a cladding consisting of a lowmelting temperature alloy becomes liquid and forms the necessary 13
joints by capillarity. After a time allocated for joint formation, the assembly is cooled so that the joints solidify. 14
For manufacturing aluminium heat exchangers, the parts to be assembled are plates and ﬁns made of an essentially 15
binary Al–Mn alloy. Some of these parts are clad with an essentially binary Al–Si alloy that has a liquidus 40–50 16
K below the solidus of the Al–Mn alloy. Proper joint formation requires that enough liquid is made available to 17
form the joints, but not too much as this may lead to unexpected deformations of the assemblies and other potential 18
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defects. Accordingly, the brazing cycles are designed with a maximum temperature close to the clad alloy liquidus,19
slightly lower to minimize deformations or slightly higher if more liquid is needed.20
Since the very beginning of development of the CAB process, the materials and process parameters have been21
tested using an inverted tee-joint conﬁguration, wherein a plate stands vertically on a horizontal plate [1–3]. A22
theoretical prediction of the brazed joint shape to be formed during manufacturing can be performed using a joint23
shapemodelling advocated in [4]. Recent studies of some relatively simple brazed joint conﬁgurati ns [5], andmore24
complex two-dimensional (2D) and three-dimensional (3D) geometries [6,7], have convincingly demonstrated that25
a minimization of potential energy of the molten metal free surface at the onset of cladding solidiﬁcation may26
efﬁciently be utilized for joint topology predictions. A summary of these approaches is given in [8].27
Nevertheless, the modelling of brazing should be amenable to an even more fundamental approach, such as that28
which has been applied to reactive wetting in metal–metal systems [9–13]. Thus, rather than appealing to energy29
minimization so as to ﬁnd, for example, the ﬁnal equilibrium meniscus shape, it should be possible to formulate30
time-dependent conservation equations that describe how the ﬁnal state is reached. One reason this approach has31
not been adopted for brazing is that it has been proven difﬁcult to obtain solutions for real parameters in solder32
systems [5,14]. Hence, one of the aims of this paper is to apply the concepts previously used for reactive wetting33
to the modelling of microscale phenomena in brazing. Moreover, this approach should serve to complement the34
energy minimization approach: for example, it is already a well-accepted concept in physics that the shape that a35
ﬂuid meniscus adopts is the same as that required to minimize the energy of the system [15].36
To ﬁx ideas, we focus on the inverted tee-joint conﬁguration considered in [5], as it is not only the simplest37
one to consider geometrically, but there are also experimental data to compare with. The structure of the paper38
is as follows. In Sect. 2, we motivate the modelling approach to be used. In Sect. 3, we formulate the problem39
mathematically, and in Sect. 4, we nondimensionalize the equations. The main body of the analysis is in Sect. 5,40
which considers the time-dependent equations from a qualitative perspective and the solution of the steady-state41
equations. Results are given in Sect. 6, and conclusions are drawn in Sect. 7. Finally, auxiliary results are given in42
four appendices.43
2 Modelling considerations44
Compared to the modelling of reactive spreading of an axisymmetric droplet of a molten metallic alloy on a metal45
substrate [9–13], the modelling of brazing is substantially more complex, since the clad, which will ultimately46
ﬂow and cause the dissolution of the core, is initially solid. Moreover, once the heating of the core–clad assembly47
starts, solid-state diffusion of the silicon in the clad occurs; also, it may be the case that heating is not isothermal,48
with different parts of the clad and the core reaching a certain temperature at different times. In particular, this49
will mean that some parts of the clad will reach the solidus temperature sooner than others; thus, these parts would50
in principle be available for ﬂow sooner than others. However, if there is no solid-state diffusion from the clad51
to the core and if the ﬁnal holding temperature is lower than the liquidus temperature corresponding to the initial52
composition of Si in the clad, then not all of the clad will melt; on the other hand, if there is solid-state diffusion,53
then even this holding temperature might not be high enough to melt the clad, and an even higher temperature would54
be required to do so. Furthermore, once melting has begun, capillary forces can be expected to disrupt the initial55
planar conﬁguration of the clad, leading to the formation of a moving meniscus, at which point coupled two-phase56
momentum, i.e. heat and solute transfers will be occurring. A more complete description of these stages can be57
found in [16].58
Therefore, in order to avoid getting bogged down in these details, and to be able to focus on reactive spreading,59
we will simply assume that the clad is initially molten and at a uniform temperature that is greater than the liquidus60
temperature for the clad; furthermore, we will also assume that the core is at the same uniform temperature as the61
clad. In fact, these assumptions should not affect what will be the main body of the results in this paper, i.e. the1 62
determination at steady state of the joint shape and of the dissolved region.63
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3 Model formulation 64
3.1 Governing equations 65
Assume all of the clad, of composition c0, has reached the temperature T, where T > Tliq(c0) and occupies 66
0 ≤ x ≤ w0, 0 ≤ y ≤ h0, as shown in Fig. 1, which depicts the right-hand half of an inverted tee joint. Here, 67
Tliq denotes the liquidus curve in the Al–Si phase diagram and is a function of the Si concentration, c, as shown in 68
Fig. 2a; however, in what follows, we approximate Tliq by 69
Tliq = Tm − mc, (3.1) 70
where Tm denotes the melting temperature of pure aluminium and −m is the slope of the liquidus curve, which is 71
now assumed straight, as is shown in Fig. 2b. Thus, T > Tliq(c0) implies that the clad is assumed to be completely 72
molten initially. Note also that we implicitly assume that the horizontal core and clad are initially in contact, so that 73
the clad immediately proceeds to wet the core; clearly, in practice, this contact may be limited or sporadic along 74
the length of the joint, leading to possible variations along the axis perpendicular to the x–y plane that we consider. 75
Thereafter, the molten clad begins to move and at time t , it will occupy 0 ≤ x ≤ x1 (t) , 0 ≤ y ≤ h (x, t) , as 76
shown in Fig. 3. At the same time, the core which occupies x < 0 and y < 0 will dissolve, with the limit of the 77
Fig. 1 Initial conﬁguration
for an inverted tee joint
0 5 10 15 20
500
550
600
650
700
750
T
em
p
er
a
tu
re
,
◦
C
Silicon (wt%)
660◦C
1.65 12.6
577◦C
Solid
Liquid+Solid
Liquid
(a) (b)
Fig. 2 a Actual Al–Si phase diagram; b Linearized Al–Si phase diagram
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Fig. 3 Schematic of the
molten clad and dissolved
region during dissolution
dissolved region deﬁned by y = f (x, t) . Also, we have the equation of continuity and the x- and y-components78
of the Navier–Stokes equation, for f (x, t) ≤ y ≤ h (x, t),79
∂u
∂x
+ ∂v
∂y
= 0, (3.2)80
ρ
(
∂u
∂t
+ u ∂u
∂x
+ v ∂u
∂y
)
= −∂p
∂x
+ µ
(
∂2u
∂x2
+ ∂
2u
∂y2
)
, (3.3)81
ρ
(
∂v
∂t
+ u ∂v
∂x
+ v ∂v
∂y
)
= −∂p
∂y
+ µ
(
∂2v
∂x2
+ ∂
2v
∂y2
)
− ρg, (3.4)82
83
where ρ and µ are, respectively, the density and viscosity of molten clad; these will be assumed to be constant. In84
addition, u and v are the velocity components in the x- and y-directions respectively, p is the pressure and g is the85
gravitational acceleration. Moreover, conservation of solute is given by86
∂c
∂t
+ u ∂c
∂x
+ v ∂c
∂y
= D
(
∂2c
∂x2
+ ∂
2c
∂y2
)
, f (x, t) ≤ y ≤ h (x, t) , (3.5)87
where c is the solute concentration and D is the diffusion coefﬁcient for Si. Also, by conservation of mass for the88
clad, we must have89
∫ x1(t)
0
h (x, t) dx = w0h0. (3.6)90
3.2 Boundary conditions91
At y = h (x, t) , we have zero tangential stress, given by92
2µ
(
∂v
∂y
− ∂u
∂x
)
hx + µ
(
∂u
∂y
+ ∂v
∂x
){
1− h2x
}
= 0, (3.7)93
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and a normal stress condition, given by 94
pa − p +
2µ
1+ h2x
{
∂u
∂x
h2x +
∂v
∂y
−
(
∂u
∂y
+ ∂v
∂x
)
h2x
}
= σfsK, (3.8) 95
where σfs denotes the interfacial tension between the molten clad and the surroundings, pa is the pressure of the 96
surroundings and K is the curvature of the meniscus, given by 97
K = hxx(
1+ h2x
)3/2 . (3.9) 98
In addition to (3.7) and (3.8), which are called dynamic conditions, there is a kinematic condition for the motion of 99
the meniscus, given by 100
v = ht + uhx . (3.10) 101
Also, there is no normal ﬂux of solute at the meniscus, and hence 102
nh · ∇c = 0, (3.11) 103
where nh is the unit normal vector to y = h (x, t), and is given by 104
nh =
1√
1+ h2x
(−hx , 1) . (3.12) 105
At the dissolution front, y = f (x, t) , we will have 106
v = ft + u fx , (3.13) 107
u + v fx = 0, (3.14) 108
c = cE (T )+ Γ κ, (3.15) 109
c√
1+ f 2x
∂ f
∂t
= (cu − D∇c) · n f , (3.16) 110
111
where u = (u, v) , n f is the unit normal vector to y = f (x, t) , and is given by 112
n f =
1√
1+ f 2x
(− fx , 1) , (3.17) 113
and κ denotes the curvature and is given by 114
κ = fxx(
1+ f 2x
)3/2 . (3.18) 115
Note that 116
– (3.15) expresses local equilibrium at the liquid–solid interface including the Gibbs–Thomson effect [9,10], with 117
cE (T ) as the equilibrium concentration of Si at the brazing temperature, T, as given by the phase diagram and 118
Γ as the normalized liquid–solid surface energy or solute capillary length, which is assumed to be constant; 119
– in (3.16), we have neglected any solid-state diffusion in the core; 120
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– applying the Reynolds transport theorem [17] to Eq. (3.5), we ﬁnd, with the help of (3.11) and (3.16) that121
∫∫
Ω(t)
c (x, y, t) dy dx = w0h0c0, (3.19)122
where Ω denotes the liquid region, i.e. solute is conserved.123
Furthermore, conditions are required at the contact lines, which are at (x1 (t) , 0) and (0, y1 (t)) . It seems124
reasonable to generalize the condition derived by Warren et al. [9], and later used by Su et al. [10] and Singler et125
al. [18], for the contact line of an axisymmetric droplet during reactive spreading on a horizontal substrate. Warren126
et al. [9] assume that the contact line remains at the initial level of the substrate and that the total angle between the127
meniscus and the liquid–solid interface, θL , remains constant; in the present context, and with reference to Fig. 3,128
θb,x1 + θt,x1 = θL , θb,y1 + θt,y1 = θL . (3.20)129
However, since there is a discontinuity in the slope between the liquid surface and the liquid–solid interface, there130
will arise an additional restriction from the requirement that the liquid concentration must be well-deﬁned and131
differentiable at the triple junction. The resulting expressions for the velocities of the contact lines, x˙1 and y˙1, are132
x˙1 = −D
(
tan θb,x1 + tan θt,x1
c tan θb,x1
∂c
∂x
)∣∣∣∣
(x1(t),0)
= −DΓ
(
tan θL
c tan θb,x1
∂κ
∂x
)∣∣∣∣
(x1(t),0)
, (3.21)133
y˙1 = −D
(
tan θb,y1 + tan θt,y1
c tan θb,y1
∂c
∂y
)∣∣∣∣
(0,y1(t))
= −DΓ
(
tan θL
c tan θb,y1
∂κ
∂y
)∣∣∣∣
(0,y1(t))
, (3.22)134
135
where the dots denote differentiation with respect to time.136
In the model, θL is a prescribed constant—and has to be determined experimentally—but θb,x1 , θt,x1 , θb,y1 and137
θt,y1 are all functions of time and must all be determined. Equation (3.20) can then be written in terms of f and h as138
hx (0, t)− fx (0, t)
1+ hx (0, t) fx (0, t) = tan θL , (3.23)139
hx (x1, t)− fx (x1, t)
1+ hx (x1, t) fx (x1, t) = − tan θL , (3.24)140141
and further conditions are142
f (0, t) = h (0, t) , (3.25)143
f (x1, t) = 0, (3.26)144
h (x1, t) = 0. (3.27)145146
Equations (3.25)–(3.27) are perhaps worthy of further explanation, as they are not obvious. In general, one would147
expect f (x1, t) = h (x1, t) , so that both the x- and y-locations of the contact are not known and have to be148
determined. However, Warren et al. [9] take f (x1, t) = 0, h (x1, t) = 0, which at least leads to a well-posed149
mathematical problem. On the other hand, Villanueva et al. [11] treat a similar problem using phase-ﬁeld methods150
and obtain an elevation of the contact line relative to the y = 0 level, which is apparently qualitatively similar to151
the experimental observations of Saiz et al. [19,20]; nevertheless, the elevation is small compared to the maximum152
height of the droplet, which suggests that (3.26) and (3.27) can be a suitable approximation. Thus, having adopted153
this approximation at the horizontal boundary, we may adopt it at the vertical one also, giving Eq. (3.25). Note that154
although it is written as one equation, it may be thought of as two if we write155
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f −1 (y1 (t) , t) = 0, h−1 (y1 (t) , t) = 0, (3.28) 156
where f −1 and h−1 denote the inverse functions of f and h, respectively. 157
The initial conditions at t = 0 should be 158
u = 0, v = 0, c = c0 for 0 < x < w0, 0 < y < h0, (3.29) 159{
h−1 (y, 0) = w0, 0 ≤ y ≤ h0,
h (x, 0) = h0, 0 ≤ x ≤ w0, (3.30) 160{ f −1 (y, 0) = 0, 0 ≤ y ≤ h0,
f (x, 0) = 0, 0 ≤ x ≤ w0. (3.31) 161
The last of these implies that none of the cores has dissolved. 162
4 Nondimensionalization 163
The relevant length scale that should appear is the capillary length scale for the meniscus, l = √σ f s/ρg. Thus, we 164
nondimensionalize with 165
X = x
l
, Y = y
l
, U = u[u] , V =
v
[u] , 166
P = p − pa√
ρgσ f s
, τ = t[t] , H =
h
l
, F = f
l
, 167
168
where [u] is a velocity scale to be determined and [t] = l/ [u]; in fact, it turns out to be appropriate to take 169
[u] = D/ l, whence [t] = l2/D, although we discuss the selection of [u] in Appendix A. Also, for the time being, 170
we set 171
X1 =
x1
l
, Y1 =
y1
l
. (4.1) 172
We obtain, from (3.2)–(3.5), 173
∂U
∂X
+ ∂V
∂Y
= 0, (4.2) 174
Re
(
∂U
∂τ
+U ∂U
∂X
+ V ∂U
∂Y
)
= − 1
Ca
∂P
∂X
+ ∂
2U
∂X2
+ ∂
2U
∂Y 2
, (4.3) 175
Re
(
∂V
∂τ
+U ∂V
∂X
+ V ∂V
∂Y
)
= − 1
Ca
∂P
∂Y
+ ∂
2V
∂X2
+ ∂
2V
∂Y 2
− 1
Ca
, (4.4) 176
∂c
∂τ
+U ∂c
∂X
+ V ∂c
∂Y
= ∂
2c
∂X2
+ ∂
2c
∂Y 2
, (4.5) 177
178
where 179
Ca = µ [u]
σ f s
, Re = ρ [u] l
µ
; (4.6) 180
these are, respectively, the capillary and Reynolds numbers. Also, conservation of mass for the clad gives 181
∫ X1(τ )
0
H (X, τ ) dX = W0H0, (4.7) 182
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where W0 = w0/ l, H0 = h0/ l, whereas conservation of solute for the liquid region gives183
∫ X1(τ )
0
∫ H(X,τ )
F(X,τ )
c (X,Y, τ ) dYdX = W0H0c0. (4.8)184
4.1 Boundary and initial conditions185
Equations (3.7), (3.8), (3.10) and (3.11) give, at Y = H (X, τ ), (4.9)186
2
(
∂V
∂Y
− ∂U
∂X
)
HX +
(
∂U
∂Y
+ ∂V
∂X
) {
1− H2X
}
= 0; (4.9)187
−P + 2Ca
1+ H2X
{
∂U
∂X
H2X +
∂V
∂Y
−
(
∂U
∂Y
+ ∂V
∂X
)
H2X
}
= HX X(
1+ H2X
)3/2 ; (4.10)188
V = Hτ +U HX , (4.11)189
nH · ∇c = 0, (4.12)190
respectively, where191
nH =
1√
1+ H2X
(−HX , 1) . (4.13)192
Equations (3.13)–(3.16) give, at Y = F (X, τ ) ,193
V = Fτ +U FX , (4.14)194
U + V FX = 0, (4.15)195
c = cE (T )+
δFX X(
1+ F2X
)3/2 , (4.16)196
c√
1+ F2X
∂F
∂τ
= nF · (cU−∇c) , (4.17)197
198
respectively, where U = (U, V ) , δ = Γ/ l and199
nF =
1√
1+ F2X
(−FX , 1) . (4.18)200
At the contact lines, (3.21) and (3.22) become, respectively,201
X˙1 = −
(
tan θb,x1 + tan θt,x1
c tan θb,x1
∂c
∂X
)∣∣∣∣
(X1(τ ),0)
= −
{
δ tan θL
c tan θb,x1
(
FX X(
1+ F2X
)3/2
)
X
}∣∣∣∣∣
(X1(τ ),0)
, (4.19)202
Y˙1 = −
(
tan θb,y1 + tan θt,y1
c tan θb,y1
∂c
∂Y
)∣∣∣∣
(0,Y1(τ ))
= −
{
δ tan θL
cFX tan θb,y1
(
FX X(
1+ F2X
)3/2
)
X
}∣∣∣∣∣
(0,Y1(τ ))
, (4.20)203
204
whereas (3.23)–(3.27) give, respectively,205
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On the modelling of joint formation in dissolutive brazing processes
HX (0, τ )− FX (0, τ )
1+ HX (0, τ ) FX (0, τ )
= tan θL , (4.21) 206
HX (X1, τ )− FX (X1, τ )
1+ HX (X1, τ ) FX (X1, τ )
= − tan θL , (4.22) 207
F (0, τ ) = H (0, τ ) , (4.23) 208
F (X1, τ ) = 0, (4.24) 209
H (X1, τ ) = 0. (4.25) 210211
Lastly, the initial conditions at τ = 0 are 212
U = 0, V = 0, c = c0 for 0 < X < W0, 0 < Y < H0, (4.26) 213{
H−1 (Y, 0) = W0, 0 ≤ Y ≤ H0,
H (X, 0) = H0, 0 ≤ X ≤ W0, (4.27) 214{
F−1 (Y, 0) = 0, 0 ≤ Y ≤ H0,
F (X, 0) = 0, 0 ≤ X ≤ W0. (4.28) 215
5 Analysis 216
In this section, we consider ﬁrst in Sect. 5.1 the qualitative behaviour of the transient solution; then, in Sect. 5.2, 217
we compute steady-state solutions. 218
5.1 Transient behaviour 219
Using the parameters in Table 1, we ﬁnd that l ≈ 5 mm, which will give 220
Ca = µD
lσ f s
∼ 10−10, Re = ρD
µ
∼ 10−3, δ ∼ 10−7. 221
We observe now that Ca, Re ≪ 1, and we can consider the equations at leading order in Ca. Equations (4.3) and 222
(4.4) reduce to just 223
∂P
∂X
= 0, (5.1) 224
Table 1 Model parameters
Parameter Symbol Value Unit References
Diffusion coefﬁcient D 10−9 m2 s−1 [9]
Gravitational acceleration g 9.81 m s−2 –
Initial clad height h0 1.5×10−4 m [5]
Liquidus slope m 6.80 wt% ◦C−1 –
Al melting temperature Tm 660.3 ◦C –
Initial clad width w0 0.005 m [5]
Solute capillary length Γ 5×10−10 m [9]
Clad viscosity µ 0.001 Pa s [21]
Clad density ρ 2650 kg m−3 [21]
Surface tension σfs 0.65 N m−1 [22]
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∂P
∂Y
= −1, (5.2)225
226
giving227
P = P∗ (τ )− Y, (5.3)228
where P∗ is a function of τ to be determined. The only other place in the problem formulation where Ca appears229
is in (4.10), which, on using (5.3) gives, at leading order in Ca,230
HX X(
1+ H2X
)3/2 = H − P∗ (τ ) . (5.4)231
Although the governing equation for H appears to decouple from the rest of the formulation, this is not so signiﬁcant232
for the transient problem, since (5.4) requires boundary conditions at X = 0 and X = X1 (τ ) which will depend233
on the solutions for U, V and c, to which we turn next.234
We may as well now set P = (P∗ (τ )− Y )+ Ca P1, so that (4.2)–(4.5) become235
∂U
∂X
+ ∂V
∂Y
= 0, (5.5)236
Re
(
∂U
∂τ
+U ∂U
∂X
+ V ∂U
∂Y
)
= −∂P1
∂X
+ ∂
2U
∂X2
+ ∂
2U
∂Y 2
, (5.6)237
Re
(
∂V
∂τ
+U ∂V
∂X
+ V ∂V
∂Y
)
= −∂P1
∂Y
+ ∂
2V
∂X2
+ ∂
2V
∂Y 2
, (5.7)238
∂c
∂τ
+U ∂c
∂X
+ V ∂c
∂Y
= ∂
2c
∂X2
+ ∂
2c
∂Y 2
. (5.8)239
240
The boundary and initial conditions, (4.9)–(4.28), are unchanged, apart from (4.10), which becomes241
−P1 +
2
1+ H2X
{
∂U
∂X
H2X +
∂V
∂Y
−
(
∂U
∂Y
+ ∂V
∂X
)
H2X
}
= 0. (5.9)242
Note that since δ ≪ 1, we can expect from (4.19) and (4.20) that X˙1 ≈ 0, Y˙1 ≈ 0, respectively, and then243
that the problem for U, V, P1 would have the trivial solution, but for the fact that Fτ 
= 0 at Y = F (X, τ ) ;244
thus, the movement of the reaction front drives the velocity ﬁeld in the melt via the boundary condition at Y =245
F (X, τ ) . Whilst this is true for intermediate times, prior to the steady state which we shall consider shortly,246
there is an additional complication concerning (4.19) and (4.20). Since θb,x1 and θb,y1 are initially zero, it is247
clear that the simpliﬁcation that X˙1 ≈ 0, Y˙1 ≈ 0 will only become valid once θb,x1 , θb,y1 ≫ δ; further analysis248
would be required to determine a time scale for when this happens, and we do not consider it any further here.249
Moreover, since X˙1 and Y˙1 are initially very large, i.e. when θb,x1 , θb,y1 ≪ δ, this stage is often identiﬁed in250
droplet spreading situations as that of the initial fast hydrodynamic spreading of the liquid, during which very251
little dissolution takes place [9]. Another interesting point is that once X˙1 ≈ 0, Y˙1 ≈ 0, the two contact lines stop252
moving; thereafter, the meniscus adjusts its proﬁle in order that (4.21) and (4.22) are satisﬁed, but its endpoints are253
ﬁxed.254
Recalling that l2/D was determined in Sect. 4 as the timescale for the dissolution problem, we can now attempt255
to infer the order of magnitude of the time required to reach steady state. Using the parameters from Table 1, l2/D256
would correspond to around 25,000 s, i.e. around 7 h. Nevertheless, it needs to be emphasized that this value may257
be a severe overestimation. For example, if the meniscus has equal extents of O (L) in x- and y-directions, then258
we should have L2 ∼ w0h0, and the relevant time scale will be L2/D.With L ∼ (w0h0)1/2 ∼ 900 µm, we would259
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On the modelling of joint formation in dissolutive brazing processes
obtain L ∼ 750 s, which compares well with the length of about 5 minutes of the dwell time during an optimized 260
brazing cycle, e.g. see Fig. 3 in [4]. In practice, a full numerical simulation would be necessary to determine when 261
the transient model reaches a steady state. 262
5.2 Steady state 263
Having identiﬁed how the transient problem as a whole operates qualitatively, we proceed to determine the steady 264
state quantitatively. First, we note that, at steady state,U, V, P1 ≡ 0 and c is constant, so that (5.5)–(5.8) are satisﬁed 265
automatically, as are boundary conditions (4.9), (4.11), (4.12), (4.14), (4.15), (4.17), (4.19) and (4.20). We recall 266
that boundary condition (4.10) resulted in Eq. (5.4), so that if we now set C1 = −P∗ (∞) , where C1 is a constant 267
value of which we will need to determine, we will have 268
HX X(
1+ H2X
)3/2 = H + C1. (5.10) 269
Also, boundary condition (4.16) gives 270
δFX X(
1+ F2X
)3/2 = C∗2 − cE (T ) , (5.11) 271
where C∗2 is the constant steady-state value of c, which is as yet unknown; note here that even though δ ≪ 1, 272
whereas cE (T ) is nominally O (1) , the term on the right-hand side of (5.11) is critical to what follows, and is 273
therefore not neglected. Equations (5.10) and (5.11) are subject to (4.7), (4.8) and (4.21)–(4.25), which are now, 274
respectively, 275∫ X∗
0
H (X) dX = A, (5.12) 276
C∗2
{∫ X∗
0
(H (X)− F (X)) dX
}
= c0A, (5.13) 277
H (0) = Y∗, (5.14) 278
HX (0)− FX (0)
1+ HX (0) FX (0)
= tan θL , (5.15) 279
H (X∗) = 0, (5.16) 280
F (X∗) = 0, (5.17) 281
HX (X∗)− FX (X∗)
1+ HX (X∗) FX (X∗)
= − tan θL , (5.18) 282
where 283
A = ρgw0h0
σ f s
, (5.19) 284
also, X∗ = X1 (∞) , Y∗ = Y1 (∞). 285
The equations can be simpliﬁed further by recalling that δ ≪ 1, so that C∗2 = cE (T )+ O(δ). Setting 286
C∗2 = cE (T )+ δC2 + O
(
δ2
)
, (5.20) 287
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we see that (5.11) becomes288
FX X(
1+ F2X
)3/2 = C2, (5.21)289
whereas (5.13) simpliﬁes to290
∫ X∗
0
F (X) dX =
(
cE (T )− c0
cE (T )
)
A. (5.22)291
At this stage, we have292
HX X(
1+ H2X
)3/2 = H + C1, (5.23)293
FX X(
1+ F2X
)3/2 = C2, (5.24)294
295
subject to296
H (0) = F (0) , (5.25)297
HX (0)− FX (0)
1+ HX (0) FX (0)
= tan θL , (5.26)298
H (X∗) = 0, (5.27)299
F (X∗) = 0, (5.28)300
HX (X∗)− FX (X∗)
1+ HX (X∗) FX (X∗)
= − tan θL , (5.29)301 ∫ X∗
0
H (X) dX = A, (5.30)302
∫ X∗
0
F (X) dX =
(
cE (T )− c0
cE (T )
)
A. (5.31)303
304
We observe that (5.24) implies that the curvature of the curve describing the dissolved zone is constant, and it305
is tempting to infer that F will describe the arc of a circle in the core from (0,Y∗) to (X∗, 0) . However, it will306
be shown that this cannot in general be the case. The easiest way to see this is to consider what happens when307
ε := (c0 − cE (T )) /cE (T )≪ 1, although this is relegated to Appendix B; in addition, in Appendix C, it is shown308
that, even in the general case when ε ∼ O (1) , there cannot be a circular arc from (0,Y∗) to (X∗, 0) . Instead, the309
only resolution appears to be that there are two circular arcs, one starting at (0,Y∗) and the other at (X∗, 0) , both310
of which pass through (0,0) and have the same radius. Thence, we append311
F (0) = 0 (5.32)312
to Eqs. (5.25)–(5.31) and proceed by considering the case ε ∼ O (1).313
We consider the circles314
(X − X+)2 + (Y − Y+)2 = R2, (5.33)315
(X − X−)2 + (Y − Y−)2 = R2, (5.34)316317
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On the modelling of joint formation in dissolutive brazing processes
Fig. 4 Schematic for
determining the extent of
the dissolved region by
ﬁnding the centres and radii
of two circles
where X+,Y+, X−,Y− and R must be determined; we will later set Y = F . Equation (5.33) will represent a circle 318
of radius R and having its centre at (X+,Y+) that passes through (0,0) and (0,Y∗), whereas Eq. (5.34) will represent 319
a circle of radius R and having its centre at (X−,Y−) that passes through (0,0) and (X∗, 0); this is summarized 320
schematically in Fig. 4. From (5.25),(5.28) and (5.32) twice, we must have 321
X2+ + (Y∗ − Y+)2 = R2, (5.35) 322
(X∗ − X−)2 + Y 2− = R2, (5.36) 323
X2+ + Y 2+ = R2, (5.37) 324
X2− + Y 2− = R2, (5.38) 325326
respectively; note that (5.32) is used twice since both circular arcs must satisfy it. We quickly see that 327
Y 2+ = (Y∗ − Y+)2 , X2− = (X∗ − X−)2 , (5.39) 328
and hence 329
X− =
X∗
2
, Y+ =
Y∗
2
. (5.40) 330
Also, 331
X2+ +
Y 2∗
4
= R2, (5.41) 332
Y 2∗
4
+ Y 2− = R2, (5.42) 333
334
but with X+,Y− and R still unknown. A further relation comes from (5.31), which gives 335
R2θ+ − X+Y+ + R2θ− − X−Y− = εA, (5.43) 336
123
Journal: 10665-ENGI MS: 10003 TYPESET DISK LE CP Disp.:2019/5/29 Pages: 27 Layout: Medium
A
u
th
o
r
 P
r
o
o
f
un
co
rr
ec
te
d p
ro
of
M. Vynnycky, J. Lacaze
where337
tan θ+ =
Y+
X+
, tan θ− =
X−
Y−
. (5.44)338
So,339
R2 (θ+ + θ−)− X+Y+ − X−Y− = εA, (5.45)340
i.e.341
R2
(
tan−1
(
Y∗(
4R2 − Y 2∗
)1/2
)
+ tan−1
((
4R2 − X2∗
)1/2
X∗
))
342
−Y∗
2
(
R2 − Y
2∗
4
)1/2
− X∗
2
(
R2 − X
2∗
4
)1/2
= εA, (5.46)343
which is a relation for R in terms of X∗ and Y∗.344
We use (5.33) and (5.34) to simplify (5.26) and (5.29). First, we see from differentiating (5.33) that345
(X − X+)+ (Y − Y+)
dY
dX
= 0, (5.47)346
whence, on setting Y = F (X) , we obtain347
FX (0) =
2X+
Y∗
. (5.48)348
From (5.34),349
(X − X−)+ (Y − Y−)
dY
dX
= 0, (5.49)350
whence, similarly,351
FX (X∗) =
X∗
2Y−
. (5.50)352
Now, we can re-arrange (5.26) and (5.29) to obtain353
HX (0) =
FX (0)+ tan θL
1− FX (0) tan θL
, (5.51)354
HX (X∗) =
FX (X∗)− tan θL
1+ FX (X∗) tan θL
, (5.52)355
356
respectively, and hence357
HX (0) =
2X+ + Y∗ tan θL
Y ∗ − 2X+ tan θL
, (5.53)358
HX (X∗) =
X∗ − 2Y− tan θL
2Y− + X∗ tan θL
, (5.54)359
360
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On the modelling of joint formation in dissolutive brazing processes
where 361
X+ =
(
R2 − Y
2∗
4
)1/2
, Y− =
(
R2 − X
2∗
4
)1/2
, (5.55) 362
and with R given by the solution to Eq. (5.46). 363
A further interesting observation in relation to earlier work concerns the function H, rather than F. Terrill [1] 364
approximated the meniscus of a tee joint with a quarter of a circle. This would mean neglecting the term in H 365
on the right-hand side of (5.23), leaving us with an equation that is qualitatively similar to (5.24), with the end 366
result being just a meniscus having constant curvature. However, it is clear from the analysis that the term in H is 367
a leading-order term in the model, and should therefore not be neglected. 368
5.3 Model summary and numerical solution 369
The model equations have been reduced to just one nonlinear second-order ordinary differential equation, (5.23), 370
subject to (5.27), (5.30), (5.46), (5.53) and (5.54), with the unknowns being H ,R, X∗ and C1; there are thus ﬁve 371
constraints for ﬁve unknowns, with the latter being R, X∗, C1 and the two constants of integration from (5.23). 372
Once, these are determined, X+,Y+,Y∗ and C2 can be found. 373
Although it is a computationally inexpensive task to solve these equations, some care is necessary in ﬁnding 374
a suitable initial guess for H ,R, X∗ and C1; a poor guess leads to the square root of negative numbers in (5.46). 375
Thereafter, once a solution is found for one (θL , ε)-combination, it can be used as the initial guess for ﬁnding 376
solutions for other combinations by parameter stepping. Moreover, although what we have is a boundary-value 377
problem, the location of one of the boundaries, X = X∗, is not known beforehand. It is therefore convenient to use 378
boundary immobilization, and this is done by introducing the variables Xˆ and Hˆ , which are given by 379
X = X∗ Xˆ , H = X∗ Hˆ , (5.56) 380
leading to, for 0 ≤ Xˆ ≤ 1, 381
HˆXˆ Xˆ(
1+ Hˆ2
Xˆ
)3/2 = X∗
(
X∗ Hˆ + C1
)
, (5.57) 382
subject to 383
Hˆ (1) = 0, (5.58) 384
X2∗
∫ X∗
0
Hˆ (X) dX = A, (5.59) 385
HˆXˆ (0) =
2X+ + Y∗ tan θL
Y∗ − 2X+ tan θL
, (5.60) 386
HˆXˆ (1) =
X∗ − 2Y− tan θL
2Y− + X∗ tan θL
, (5.61) 387
388
and (5.46), where Y∗ = X∗ Hˆ (0) . These equations were solved using the ﬁnite element software Comsol Multi- 389
physics, typically using a few hundred elements to discretize the interval 0 ≤ Xˆ ≤ 1. It is straightforward to ensure 390
that the results are mesh-independent, and we do not document those calculations here. 391
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6 Results392
To validate the model, data parallelling the experimental details given by Sekulic [5] were considered. The core393
alloy consists of AA3003 alloy which is mainly an Al–Mn alloy with 1.1-1.5 wt%Mn and little Fe and Si. The clad394
alloy is a AA4343 alloy with 8 wt% Si, 0.8 wt% Fe, 0.25 wt%Cu, 0.10 wt%Mn and 0.20 wt% Zn (in wt.%), and has395
a liquidus of 607.8 ◦C, as calculated using the TCAL2 database [23]. The thickness of the clad was w0 = 200µm.396
Heating to the brazing upper temperature and cooling from it were both performed at a rate higher than 50 ◦C/min,397
which would be large enough that solid-state diffusion of silicon does not affect the amount of clad available [16].398
Although Sekulic [5] indicates an upper brazing temperature of 600 ◦C for the experiment he reported, he implicitly399
assumed in his approach that all the clad had melted. Indeed, brazing for 3003/4343 assemblies may be performed400
from 600 to 615 ◦C [24], i.e. from slightly below to slightly above the clad liquidus tempe ature.401
In the present modelling approach, the clad alloy is considered as a binary Al–Si alloy liquidus temperature of402
which is estimated as Tm − mc0, where the values for Tm and m are as given in Table 1. As for c0, we note that if403
we take 8 wt% Si, as indicated above, this would imply a value lower than that of cE at 600 ◦C, which is 8.8 wt%404
Si; this would give ε < 0. On the other hand, if we sum up the non-Al compositions given above and assign this405
sum to be c0, then we obtain 9.4 wt% Si, giving ε > 0. Since the model is only self-consistent if ε ≥ 0, we will406
therefore take c0 =9.4 wt%.407
At this stage, we still need to prescribe h0 and θL . To calculate h0, we use Fig. 3(b)and (c) from [5], which408
indicate the cross-sectional area of the joint to be 7.060×10−7 m2 and 6.423×10−7 m2; using these and the value409
of w0 given above leads to h0 = 3.53× 10−3m and 3.21× 10−3m, respectively. As for θL , this is a quantity that410
does not explicitly appear at all in [5], where it is argued that the fact that a good brazed joint indicates a very small411
inclination angle of the joint surface close to the mating surfaces implies that an assumption of a close-to-zero412
contact angle between the molten metal and the solid substrate at the onset of solidiﬁcation is plausible indeed.413
Here, we will keep θL as a parameter value of which we will vary, thereby seeing what effect it has on the solution.414
Moving to the results, Figs. 5 and 6 compare the experimental results from Fig. 3(b) and (c), respectively, in [5]415
with our model results for θL = 0.05, 0.07 and 0.09, corresponding to 2.86o, 4.01o and 5.16o, respectively; for416
these, ε = 0.06. From this, it is notable the all three model curves agree reasonably well with the experimental data,417
although the height of the meniscus is somewhat underpredicted towards x = 0 in Fig. 5; this was also a feature of418
the model results in [5]. Also of note is the fact that the predicted proﬁle is insensitive to θL as its value is increased419
from 0.05 to 0.09; consequently, even thoughwemay not have a way to determine θL , it is not much of consequence.420
This may lead us to believe that we should simply set θL = 0. However, an interesting theoretical result that can421
even be obtained analytically in this case is that the contact line can extend to inﬁnity in the zero-dissolution limit,422
ε = 0; this is explained in detail in Appendix D. Moreover, we also found that, in our model, it became no longer423
Fig. 5 Comparison of
experimental data from
Fig. 3(b) in [5] with the
meniscus proﬁle, h,
computed using the current
model with and
θL = 0.05, 0.07, 0.09 and
ε = 0.06. Note that the
curves for
θL = 0.05, 0.07, 0.09 are
literally on top of each other
0 0.5 1 1.5 2
0
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1
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Fig. 6 Comparison of
experimental data from
Fig. 3(c) in [5] with the
meniscus proﬁle, h,
computed using the current
model with and
θL = 0.05, 0.07, 0.09 and
ε = 0.06. Note that the
curves for
θL = 0.05, 0.07, 0.09 are
literally on top of each other
0 0.5 1 1.5 2
0
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0.4
0.6
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1
1.2
1.4
1.6
1.8
x [mm]
h
[m
m
]
experimental
θL = 0.05
θL = 0.07
θL = 0.09
Fig. 7 Meniscus proﬁle, h,
vs. x
(θL = 0.05, 0.45, 0.85)
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possible to obtain converged solutions for values of θL lower than around 0.044; this was in spite of the fact that 424
we use the best available initial guesses for the solution at each value of θL . This behaviour is no doubt due to the 425
fact that ε > 0; there was no problem at all to ﬁnd solutions in the limit as θL → 0 for ε = 0, and indeed there is 426
even an analytical solution in this case, as shown by Eq. (D.12) in Appendix D. 427
Although the above results might suggest that the solution is more or less independent of θL , this is not the case, 428
and its value can affect the meniscus proﬁle. To see this, consider Fig. 7 wherein values have been computed as 429
θL = 0.05, 0.45, and 0.85, corresponding, respectively, to 5.16o, 25.78o and 48.70o, for ε = 0.06, and the same 430
cross-sectional area as for Fig. 6; hence, as θL is i creased, the proﬁle becomes almost linear, and hence far-removed 431
from the experimental observations. 432
Lastly, we consider how varying the value of ε affects the solution. Figure 8 shows the proﬁles for f and h 433
for ε = 0.44, 0.74 and 1.04, corresponding to temperatures of 614.8 ◦C, 622.6 ◦C and 628.1 ◦C, respectively; 434
θL = 0.85, corresponding to 48.70o; and a cross-sectional area of 7.060×10−7 m2. These values of ε and θL have 435
been chosen arbitrarily, and are sufﬁciently different from the values used for Figs. 5 and 6 so as to illustrate that the 436
model works for a wide range of parameters. In this case, we see that, even though we have chosen a high value of 437
θL , the proﬁles for h are qualitatively reasonable, and do not resemble the linear proﬁle in Fig. 7. This is of course 438
in part due to the fact that there is now a signiﬁcant dissolved region, with the f -proﬁle being responsible for a 439
greater share of θL than the h-proﬁle. 440
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7 Conclusions441
In this paper, we have considered a framework for the mathematical modelling of reactive wetting during brazing;442
more speciﬁcally, a simpliﬁed 2D inverted tee-joint geometry consisting of an unclad horizontal plate and a vertical443
plate with cladding was considered. The key points are as follows:444
1. Once the clad is molten, the problem bears some similarity to those of the reactive wetting that occurs during445
the spread of a molten droplet, as has been considered by others [9,10,18].446
2. Although it is a challenging mathematical problem to determine the time evolution of the molten clad meniscus447
and the dissolution front that forms, it is much easier to determine the theoretical steady state, and this was done448
here; the standout plot for this is Fig. 8, which shows the steady-state proﬁles for the meniscus and dissolved449
region for three different brazing temperatures, assuming a prescribed value for the angle, θL , between the450
meniscus and the dissolution front. This constitutes the maximum possible spatial extent of the dissolved zone.451
3. Moreover, there exists a simple approximate relation between the area of the dissolved zone (Adiss), the initial452
amount of clad (w0h0), the equilibrium concentration of Si at the brazing temperature (cE (T )) and the initial453
composition of the clad, c0 :454
Adiss = w0h0
(
c0
cE (T )
− 1
)
. (7.1)455
Possible directions for further modelling work would involve the following:456
– computation of the time evolution of the meniscus and the dissolved region towards a steady state. The problem457
of a T-joint is considerably more complicated than that of the spreading droplet because there are two contact458
lines to consider and the use of so-called “lubrication theory” that is highlighted in [9,10,18] is no longer459
strictly speaking valid since the aspect ratio of the molten region is not small. Another possibility, although460
computationally more challenging, is the use of a phase-ﬁeld approach [11–13], which involves the use of a461
particular type of diffuse-interface model that is based on the free energy as a function of state variables; this has462
the beneﬁt, at least, that the force singularity which arises in the classical model of moving contact lines, ﬁrst463
pointed out by Huh and Scriven [25], is no longer present due to mass transfer across the interface [26]. In this464
context, we can note that the model we have presented here would indeed lead to such a singularity, although465
it could be alleviated by introducing a slip coefﬁcient into the no-slip boundary condition, as has previously466
been done by many others, e.g. [27]. Yet another possibility is to use a sharp-interface method via an Arbitrary467
Fig. 8 f and h (θL = 0.85,
corresponding to 48.70o,
and ε = 0.44, 0.74, 1.04),
obtained not using the
assumption that ε ≪ 1
−5 0 5 10 15 20
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ε = 0.44
ε = 0.74
ε = 1.04
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Lagrangian Eulerian (ALE) formulation; interestingly, ALE also appears to have been used by others [18,28]. 468
There do exist even simpler models based around the Noyes–Whitney equation [29]. 469
– consideration of how the model differs if the brazing temperature T is such that T < Tm −mc0. In this case, the 470
clad is only partly molten, and therefore not all of it is available for ﬂow. Hence, there will be a mushy zone and 471
a Darcy-law term needs to be added to the Navier–Stokes equation. Moreover, it is evident that, although ε > 0 472
when all of the clad is molten, we will now have ε < 0.When ε > 0, it is clear that it gives a characteristic scale 473
for the extent of the dissolved region; on the other hand, if ε < 0, the interpretation is far less straightforward, 474
since not all of the clad will have melted. 475
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Appendix A: Determining the velocity scale, [u] 479
In addition to [u] = D/ l, another possibility is to take [u] = DΓ/ l2. In this case, we have 480
[t] = l[u] =
l3
DΓ
, (A.1) 481
and (4.19) and (4.20) become 482
X˙1 = −
{
tan θL
c tan θb,x1
(
FX X(
1+ F2X
)3/2
)
X
}∣∣∣∣∣
(X1(τ ),0)
, (A.2) 483
Y˙1 = −
{
tan θL
c tan θb,y1
(
FX X(
1+ F2X
)3/2
)
X
}∣∣∣∣∣
(0,Y1(τ ))
, (A.3) 484
485
respectively. Also, (4.5) and (4.17) become 486
∂c
∂τ
+U ∂c
∂X
+ V ∂c
∂Y
= 1
δ
(
∂2c
∂X2
+ ∂
2c
∂Y 2
)
, (A.4) 487
δc√
1+ F2X
∂F
∂τ
= nF · (cu − D∇c) at Y = F (X, τ ) , (A.5) 488
respectively. It is now convenient to refer to Table 1, which contains the model parameters. Now, since δ ≪ 1, 489
(A.4) and (A.5) reduce to 490
∂2c
∂X2
+ ∂
2c
∂Y 2
≈ 0, (A.6) 491
nF · ∇c ≈ 0 at Y = F (X, τ ) ; (A.7) 492493
i.e. this is already the steady state. Also, from (A.1), we would obtain [t] ∼ 1010 s, and it is clear that we must have 494
taken the wrong choice for [u] . 495
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Appendix B: ε ≪ 1496
In this case, the F and H problems decouple in an interesting way. From (5.31), and assuming that A ∼ O (1) ,497
we now expect that498
∫ X∗
0
F (X) dX ∼ O (ε) . (B.1)499
For Y < 0, this should mean that X ∼ O (1) , F ∼ O (ε) , whereas for Y > 0, we expect F ∼ O (1) when500
X ∼ O (ε).501
Considering the ﬁrst case, if F = ε F¯, with the expectation that F¯ is an O (1) function, implies that (5.24)502
becomes, at leading order in ε,503
d2 F¯
dX2
= C¯2, (B.2)504
where C2 = C¯2/ε, with C¯2 an O (1) constant, whereas (5.28) and (5.29) reduce to505
F¯ (X∗) = 0, (B.3)506
HX (X∗) = − tan θL , (B.4)507508
respectively. For the second case, we set X = ε X¯ , so that (5.24) becomes509
d2F
d X¯2
= C¯2
(
dF
d X¯
)3
, (B.5)510
with (5.26) reducing to511
HX (0) = − cot θL . (B.6)512
Note that, at this stage, (B.2) and (B.5) are consistent with each other, and the implication is that the radius of513
curvature of F,which is in effect 1/C2, is small. Also, we can note that the problem for H has now decoupled from514
that for F.More speciﬁcally, we have, for H, Eq. (5.23) subject to515
HX (0) = − cot θL , (B.7)516
H (X∗) = 0, (B.8)517
HX (X∗) = − tan θL , (B.9)518 ∫ X∗
0
H (X) dX = A; (B.10)519
520
so, there are enough constraints to determine H, C1 and X∗, and thus H (0) .521
Returning to the problem for F, we have522
d2 F¯
dX2
= C¯2, (B.11)523
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subject to 524
F¯ (X∗) = 0, (B.12) 525
and 526
d2F
d X¯2
= C¯2
(
dF
d X¯
)3
, (B.13) 527
subject to 528
F (0) = H (0) . (B.14) 529
Each of these problems is clearly missing a boundary condition, and hence two more conditions would be required. 530
One would hope for continuity of F and its derivative, so that the two problems would “join up”, in the sense that 531
F and dF/dX as computed by the two problems should be continuous at some value of X that would have to be 532
determined. However, it is impossible to achieve this, whilst at the same time ensuring that the curvature of F is 533
constant. Thus, the only apparent possibility is that 534
F (0) = 0, (B.15) 535
and hence that 536
F¯ (0) = 0, (B.16) 537
which abandons the requirement that dF/dX is continuous. In this case, dissolution does not start at all from the 538
point (0,0). Note that (B.15) will mean that F is multivalued at X = 0, and indeed for X < 0. 539
The remaining problem for F¯ is (B.11), subject to (B.12) and (B.16), and we obtain 540
F¯ = 1
2
C¯2X (X − X∗) . (B.17) 541
The remaining problem for F is (B.13), subject to (B.14) and (B.15). To solve, it is easier to rewrite the problem as 542
d2 X¯
dF2
= C¯2, (B.18) 543
subject to 544
X¯ (0) = 0, (B.19) 545
X¯ (Y∗) = 0, (B.20) 546547
which leads to the solution 548
X¯ = −1
2
C¯2F (F − Y∗) . (B.21) 549
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Fig. 9 f and h
(θL = 0.1, ε = 0.445),
obtained using the
assumption that ε ≪ 1
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f
Finally, C¯2 will be given from (5.31) by550
1
2
C¯2
∫ X∗
0
X (X∗ − X) dX +
1
2
C¯2
∫ Y∗
0
F (Y∗ − F) dF = A, (B.22)551
leading to552
C¯2 =
12A
X3∗ + Y 3∗
. (B.23)553
So,554
F =
{ 1
2εC¯2X (X − X∗) X > 0,
1
2
{
Y∗ ±
√
Y 2∗ + 8εC¯2 X
}
X < 0. (B.24)555
A preliminary result for f and h is given in Fig. 9 using θL = 0.1 (5.71o) and T = 615 ◦C, corresponding to556
ε = 0.445. Note that the sum of the area in y < 0 and x < 0 should be 0.445 that in x, y,> 0.557
Furthermore, Fig. 10 shows the extent of the dissolution zone for T = 595 ◦C, 615 ◦C and 625 ◦C. Note that the558
curve for T = 595 ◦C is literally on top of the x- and y-axes. For this ε ≪ 1 analysis, these curves are calculated559
using the results from the O (1) problem for H ; thus, X∗ and Y∗ are the same for all of these curves.560
Appendix C: A one-circle dissolution zone for ε ≪ 1?561
It was seen in Appendix B that if ε ≪ 1, then it is not possible that a single circular arc will join the two contact562
lines. However, it is not yet clear that this is the case if ε is larger, as will be the case when the difference between563
c0 and cE (T ) is large, or cE (T ) is sufﬁciently small. Thus, we now consider this situation.564
Suppose that such a circular arc exists and that it is part of the circle565
(X − X0)2 + (Y − Y0)2 = R2, (C.1)566
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Fig. 10 f (θL = 0.1,
T = 595 ◦C, 615 ◦C,
625 ◦C), obtained using the
assumption that ε ≪ 1
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T = 595◦C
T = 615◦C
T = 625◦C
where X0,Y0 and R are to be determined; then we would need 567
X20 + (Y∗ − Y0)2 = R2, (C.2) 568
(X∗ − X0)2 + Y 20 = R2. (C.3) 569570
Also, since 571
(X − X0)+ (Y − Y0)
dY
dX
= 0, (C.4) 572
we have 573
FX (0) =
X0
Y∗ − Y0
, FX (X∗) =
X∗ − X0
Y0
. (C.5) 574
We observe that 575
X20 + (Y∗ − Y0)2 = (X∗ − X0)2 + Y 20 , (C.6) 576
which gives 577
Y 2∗ − 2Y∗Y0 = X2∗ − 2X∗X0, (C.7) 578
whence 579
Y0 =
Y 2∗ − X2∗ + 2X∗X0
2Y∗
. (C.8) 580
Also, 581
1
2
R2θ − X0Y0 −
1
2
X0 (Y∗ − Y0)−
1
2
Y0 (X∗ − X0) = εA, (C.9) 582
123
Journal: 10665-ENGI MS: 10003 TYPESET DISK LE CP Disp.:2019/5/29 Pages: 27 Layout: Medium
A
u
th
o
r
 P
r
o
o
f
un
co
rr
ec
te
d p
ro
of
M. Vynnycky, J. Lacaze
where583
θ = pi
2
+ tan−1
(
Y∗ − Y0
X0
)
+ tan−1
(
X∗ − X0
Y0
)
; (C.10)584
here, (C.9) comes from Eq. (5.31), i.e. the conservation of solute condition.585
Numerical experimentation to determine f and h indicated that there are not only great difﬁculties in ﬁnding586
a numerical solution, but also difﬁculties in ﬁnding a good initial guess; it is necessary to ﬁnd this because the587
governing equations are nonlinear. Moreover, it is not even known if a solution exists. Thus, it turns out to be more588
worthwhile to consider what would be the properties of such a solution, if it exists. We know that we must have589
HX (0) =
X0 + (Y∗ − Y0) tan θL
Y∗ − Y0 − X0 tan θL
, (C.11)590
HX (X∗) =
X∗ − X0 − Y0 tan θL
Y0 + (X∗ − X0) tan θL
, (C.12)591
592
which we can rewrite as593
X0 + (Y∗ − Y0) tan θL = (Y∗ − Y0 − X0 tan θL) HX (0) , (C.13)594
X∗ − X0 − Y0 tan θL = (Y0 + (X∗ − X0) tan θL) HX (X∗) , (C.14)595596
i.e.597
(
a b
c d
) (
X0
Y0
)
=
(
e
f
)
, (C.15)598
where599
a = 1+ HX (0) tan θL , (C.16)600
b = HX (0)− tan θL , (C.17)601
c = HX (X∗) tan θL − 1, (C.18)602
d = −HX (X∗)− tan θL , (C.19)603
e = Y∗ (HX (0)− tan θL) , (C.20)604
f = X∗ (HX (X∗) tan θL − 1) , (C.21)605606
so that607
(
X0
Y0
)
= 1
ad − bc
(
de − b f
−ce + a f
)
. (C.22)608
Now, since609
2Y∗Y0 = Y 2∗ − X2∗ + 2X∗X0, (C.23)610
from (C.8) we have611
2Y∗ (a f − ce) =
(
Y 2∗ − X2∗
)
(ad − bc)+ 2X∗ (de − b f ) , (C.24)612
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Fig. 11 φ vs. α for
θL = 0, pi/4, pi/3
(β = pi/3)
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θL = 0
θL = pi/4
θL = pi/3
and we need to consider whether 613
φ := 2Y∗ (a f − ce)−
(
Y 2∗ − X2∗
)
(ad − bc)− 2X∗ (de − b f ) (C.25) 614
is ever zero or not. Here, the idea is that we solve (5.10), subject to (5.12), (5.16) and 615
HX (0) = − tan (pi/2− α) , (C.26) 616
HX (X∗) = − tan β, (C.27) 617618
where α and β are the angles that the curve Y = H (X) makes with the Y - and X -axes, respectively; note that this 619
computation is independent of θL , and that we merely sweep over all values of α and β, where 0 < α, β < pi/2. 620
Each computation generates values for X∗ and Y∗, which are then used in (C.25). If it is found that φ is never zero, 621
then this is an indication that X0 and Y0 cannot be found, and hence the sought-after circle does not exist. Numerical 622
experimentation suggests that this indeed is the case. As an example, Fig. 11 shows φ vs. α for θL = 0, pi/4, pi/2, 623
for β = pi/3, indicating that φ is never zero, no matter what value of θL is tried. Similar graphs were also obtained 624
for other values of β. 625
Appendix D: θL = 0, ε = 0 626
When ε = 0, we have F ≡ 0, and Eqs. (5.23)–(5.31) reduce to just 627
HX X(
1+ H2X
)3/2 = H + C1, (D.1) 628
subject to 629
HX (0) = − cot θL , (D.2) 630
H (X∗) = 0, (D.3) 631
HX (X∗) = − tan θL , (D.4) 632∫ X∗
0
H (X) dX = A. (D.5) 633
634
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Multiplying (D.1) by HX , integrating with respect to X and applying (D.3) and (D.4)635
− 1(
1+ H2X
)1/2 = 12 H2 + C1H − cos θL . (D.6)636
Alternatively, integrating (D.1) with respect to X and applying (D.2), (D.4) and (D.5) gives637
cos θL − sin θL = A+ C1X∗ (D.7)638
Now, consider the behaviour of H near X = X∗ when θL = 0. Since H, HX ≪ 1, we have, from (D.6),639
H2X
2
∼ H
2
2
+ C1H. (D.8)640
If C1 
= 0, we have just641
H2X
2
∼ C1H, (D.9)642
which leads to643
H ∼ 1
2
C1 (X∗ − X)2 . (D.10)644
However, note that if C1 < 0,which is clearly possible from (D.7) ifA > 1, then H < 0,whichwould be physically645
unrealistic. On the other hand, if C1 = 0, i.e. A = 1, we have, instead of (D.9),646
H2X ∼ H2, (D.11)647
which would give H ∼ e±X . It is clear that only the behaviour with the minus sign is of relevance here. Taking this648
one, we see that an alternative to (D.10) is the possibility that the contact line extends to inﬁnity with H ∼ e−X as649
X →∞. In fact, for this case, there is an analytical solution for the meniscus given by [30–32]650
X =
√
2− ln
(
1+
√
2
)
−
√
4− H2 + ln
(
2+
√
4− H2
H
)
. (D.12)651
Finally, it is worth noting that, from the data in Table 1 and the values for h0 andw0 used in this paper,A ≈ 0.02,652
indicating that the relevant behaviour is that given by Eq. (D.10).653
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